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Abstract 

We describe the asymptotic behaviour of a cylindrical elastic body, reinforced 
along identical e-periodically distributed fibers of size r e , with < r £ < e, filled in 
with some different elastic material, when this small parameter e goes to 0. The 
case of small deformations and small strains is considered. We exhibit a critical size 
of the fibers and a critical link between the radius of the fibers and the size of the 
Lame coefficients of the reinforcing elastic material. Epi-convergence arguments are 
used in order to prove this asymptotic behaviour. The proof is essentially based on 
the construction of appropriate test-functions. 
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1 Introduction 

The purpose of this work is to determine the asymptotic behaviour of an elastic material 
periodically reinforced by means of identical fibers filled in with some isotropic and homo- 
geneous elastic material. In the first part, the fibers are longitudinally distributed inside 
the elastic material. The limit law is derived, studying the convergence of the elastic en- 
ergy, and we exhibit a critical size of the fibers and a critical size of the Lame coefficients 
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of the reinforcing fibers. In the last part of this work, we suppose that the fibers are 
transversally distributed and we exhibit the limit law, which still involves a critical size 
and a critical size of the Lame coefficients of the fibers, but working in a different limit 
functional space. These configurations intend to modelize, for example, the behaviour of 
a strap reinforced by means of identical fibers which are longitudinally or transversally 
disposed inside the strap. 

Let w be a bounded, smooth and open subset of R 2 and £7 = wx]0,L[cR 3 , where 
L is positive. denotes the lower basis of VL : T 1 = u x {0}, T 2 its upper basis : 
r2 = w x {L} and S its lateral surface : E = du x ]0, L[. 

Let e be some positive real. In the first part of this work, we dispose inside Q lon- 
gitudinal fibers. More precisely, for every k = (fci,^) in Z 2 , we define the square : 
Y £ = (eki,ek 2 ) + ]—e/2,e/2[ 2 . Then we denote by Y £ the union of all the e-cells Y £ 
included in u : Y e = [J keK ^Y £ . Choosing a parameter r £ smaller than e, we consider the 
disk D £ of radius r £ contained in Y £ k and the cylinder T £ = D £ x ]0,L[. T £ denotes the 
union U k T k of the cylinders T k contained in fl. Thus T £ D S is empty. The total number 
of such cylinders contained in Q (that is the cardinal of K (e)) is equivalent to \u>\ /e 2 , 
with \u>\ — area (ou). The domain fl £ = Q\T £ is supposed to be the reference configuration 
of some linear elastic, homogeneous and isotropic material, thus satisfying the following 
Hooke's law 

(Tij (u) = Xe mm (u) S i:j + 2/ieij (u) , i,j,m= 1,2, 3, (1) 

where the summation convention has been used with respect to repeated indices, A and \i 
are the Lame coefficients of the material, satisfying : /i > and A > 0, 5ij is Kronecker's 
symbol and e (u) is the linearized deformation tensor, the components of which are given 



Figure 1: The domain Q and the cylinders T ( 



We suppose that T £ is the reference configuration of some linear elastic, homogeneous 
and isotropic material satisfying Hooke's law 

a%j (u) = \ £ e mm (u) 5ij + 2/i £ e ij (u) , i,j,m = 1,2, 3, (2) 
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where the Lame coefficients A £ > and fi £ > depend on e and satisfy 

3c> 0, Vs > : fi £ > c. (3) 

The structure Q built with these two elastic materials is submitted to some volumic 
forces the density of which / = (/i,/2,/3) belongs to L 2 (f2,R 3 ). We suppose that the 
structure is held fixed along r\ and that the tractions are equal to on the rest of the 
boundary : (u £ ) rij = 0, i,j = 1, 2, 3, where n is the unit outer normal to the boundary. 
Let us introduce the functional F £ defined on H 1 (Q, R 3 ) by: 



F s (u) = i J n ° ij ^ 6ij ^ dX + l T ^ ^ 6ij ^ dX iiUe H ^ (yQ ' R ^ (4) 
+oo otherwise, 

with : ifp (Q, R 3 ) = {u G H l (f2,R 3 ) | u = on Ti}. The problem under consideration 
can be associated to the minimization problem involving the functional F £ , as indicated 
in the following 

Lemma 1 1. The minimization problem: 

min \f £ (u)-2 f.udx \ , (5) 

admits a unique solution u £ belonging to (fi, R 3 ) and which satisfies the varia- 
tional formulation: 



/ Gij (u £ ) cij (u) dx + 




(u) dx 


= / f.udx, 




Jt £ 




Jn 


and is a weak solution of the problem: 








[ -or ihj (u £ ) 


= fi 


in fl £ 


1 




= fi 


in T £ 




u £ 


= 


on r 1 




[ o-ij{u £ )nj 


= 


on dtt \ r 1 



(7) 



2. The sequence (u £ ) £ is bounded in H l (f2,R 3 ). 

3. Assume that : sup £ (— e 2 In (r e )) < +oo. Then, sup £ ^ f T \u £ \ 2 dx^j / \T e \J is finite 
and if R £ (u £ ) is the rescaled restriction of u £ to the fibers defined by: 

R £ (u £ ) = ^u £ l Te , (8) 



where \Q\ means the volume of Q and 1t £ denotes the characteristic function ofT £ , 
the sequence (R £ (u £ )) £ is bounded in L 1 (R 3 , R 3 ). 
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Proof. 1. Because A £ is nonnegative, we write for every u in H-p (f2, R 3 ) 

F £ (u) > inf (2fi, 2//) / ey (u) (u) dx > C inf (2/x, 2//) / | Vu| 2 dx, 

in in 

using the classical Korn's inequality, because u vanishes on IY The hypothesis ([3]) and this 
inequality imply that F e is coercive on H l (Q, R 3 ). Moreover, F e is lower semi-continuous 
for the weak topology of H T (fl, R 3 ) and is not identically equal to +oo. Thus, classical 
convex analysis results imply the existence and the uniqueness of a minimizer u £ of F e on 
iff (O, R 3 ), which satisfies the variational formulation ([6]) and, thus, is a weak solution 
of©. 

2. We observe that : F £ {u e )—2 j n f.u e dx < F e (0) = 0, which implies, using the preceding 
inequality, that ■ 



CM (2/i,2//) I \Vu e \ 2 dx<2 
Jn 



L 2 (n) ll Me |lL 2 (n) • 



Using Poincare's inequality, we thus deduce that {u £ ) £ is bounded in iff (fi,R 3 ). 
3. Before proving this assertion, let us first recall the following estimate, which has been 
proved in [6] 

Lemma 2 There exists some positive constant C such that, for every u in H 1 (f2,R 3 ), 
one has : 

r u 2 dx < C ( [ \Vu\ 2 dx-e 2 \n{r £ ) + e 2 J . (9) 



IT, 



e\JT E \Jn 



Proof. We first define : u' (r, 9, z) := u (eki + r cos (9) , ek 2 + r cos (9) ,z), in the fiber 
centred at (eki,ek 2 ). Then, we observe that, for every t\ < r 2 < e/2 

v! (r 2 , 9, z) - u> (n, 9, z) = (r a - n) /'^ ((1 - t) n + tr 2 ) VC 1 ~ + foi ^ 

Jo ^(1 - t) n + tr 2 

r 2 ( du'\ 2 

=>- («' (r 2 ,9, z) — u' (ri,9, z)) < (In (r 2 ) — In (rx)) / I — — I rdr. 



dr 



Defining : / (r) = SfceK(e) Jo" io^ ( M ') 2 ( r ' ^> 2 ) d9dz, the previous inequality implies : 



/ (n.) < 2/ (r 2 ) + 2 ||Vti||^2/ n R3 ) In (r 2 /ri), which implies, for every r 2 in [e/4, e/2] 

1 /" 1 /" r£ 

- — r / w 2 <fc = - — - / f (r) rdr 

\Ts\Jt e \Te\JvJ 

< YfrJ^ (f ( r 2) + II Vm II^^rs) (In (r 2 )- In (r))j rdr 

< ^ ( f (r 2 ) (r £ ) 2 + \\Vu\\ 2 LW3) ((r £ ) 2 -^ln(r £ ) + ^ 2 



< Cff (r 2 ) , 2 + \\Vu\\ 2 LHnm e 2 -j\n (r £ ) + ^ 

< C ^4/ (r 2 ) 5r 2 + ||Vu|| 2 2(n>R3) - y In (r.) + 



and then, taking the mean value of this inequality with respect to r 2 in [e/4, e/2] ■ 



16 / / (r) rc?r + || Vu 



e 2 , , , e 2 



u 2 dx < C 16 f (r)rdr + \\Vu\\r 2tnv . 3 ,e 2 - —\n(r £ ) + — 



< CM(16 + e 2 )||Vu|| 2 _-f!ln(r £ ) + ^V □ 



Coming back to the proof of Lemma [U, we observe that Lemma [2] implies that 

sup e yyf T |^ e | 2 / \T E \j is finite, as soon as sup e (— e 2 In (r £ )) < +oo. Then, using Cau- 

chy-Schwarz inequality, we finally prove that the quantity (J R3 \R e {u e ) \ dx) is bounded, 
which ends the proof of Lemma [TJ □ 

In the sequel, we will assume that the hypothesis sup e (— e 2 ln(r £ )) < +oo is always 
satisfied. 

Our purpose is to describe the asymptotic behaviour of {u e ) e and that of (R £ (u £ )) £ , 
when e goes to 0. This will be obtained using epi- convergence arguments, that is studying 
the asymptotic behaviour of the sequence (F £ ) £ , when e goes to 0. We will first suppose 
that the coefficients A Q and /i D , defined by 

Ao = p = lim^%£. (10) 

are finite and fi Q is positive. Thanks to the properties of the epi-convergence, we then 
derive the asymptotic behaviour of the solution in many other cases. 

This kind of reinforcement problems follows earlier works like [2], [3], [6], for example. 
However, the works [2J and [3] were dealing with scalar problems (also involving the p- 
laplacian operator). The work jH] is dealing with linear elasticity problems but assuming 
another scaling of the coefficients, which will be described later on in the present work. 
The work [1] deals with the homogenization of composite media evoking the vectorial 
case. See also [5] for similar phenomena in a quite general situation. 



2 Construction and study of the test-functions 

We define 

D = {(y 1 ,y 2 )eR 2 \(y 1 ) 2 + (y 2 ) 2 <1\ 

D{r,r') = {( yi ,y 2 )eR 2 \r 2 <( yi ) 2 + (y 2 f<r' 2 } 

S r = {(y u y 2 )eR 2 \( yi ) 2 + (y 2 ) 2 = r 2 } 

for < r < r', and for every k = (k\, k 2 ) in Z 2 



B k £ = {(x l7 x 2 ,x 3 ) | (ari - he) + (x 2 - k 2 e) < (s £ ) ,x 3 e}0,L[} 

C k e = {(x 1 ,x 2 ,x 3 ) | (r £ ) 2 < fa - he) 2 + (x 2 - k 2 ef < (s £ ) 2 , x 3 e ]0,L[] , 

choosing s £ such that 
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lim— = = lim— = = lime 2 In 2 s £ . 
Finally, we denote: B £ = U k B*, C £ = U fe C £ fc . 

We introduce the solution w m = (w™,w™), m = 1,2, of the linear plane elasticity 
problems 



(«"") (y) 

w m (y) 

<! (y) 



\w™\ (y) < Cte 



VyeR 2 \D,i, j = 1,2 

on Si 

— \n\y\ + Cte when \y\ — > oo 

p = 2 if m = 1 
p = 1 if m = 2, 



when 



where: cr^ (u? m ) = Ae^ (u> m ) + 2/iey (u> m ). Thanks to the potential theory methods, de- 
scribed for example in [7], the solution w m of (fTT|) can be computed as 



w\ 2/2) 
™2 (2/1,2/2) 
™i (2/1,2/2) 

^2 (2/1,2/2) 



In \y\ + 



(2/2) 2 - (2/i) 2 (2/2) 2 - (2/i) 2 



2/22/1 


2/22/1 




1 |4 


M2/I 2 




2/22/1 


2/22/1 




1 |4 


^|2/| 2 


|2/| 



2k|j/| 



2«|y| 



In \y\ - 



(2/2) 2 - (2/i) 2 , (2/2) 2 - (2/i) S 



2«bl 



2«|y| 



with : k = (A + 3/i) / (A + fi). We also introduce the function w(yi, y-i) = — In which 
is harmonic in R 2 \ {0} and verifies the following properties 



W\ Sl = 0, hm = 
|y|->oo In \y\ 

Let us observe that 
Lemma 3 One has the following convergences: 



Si 



dw 
On 



da = 27T. 



1. lim 



R^'+co\nRj Dil)R) " t: ' 



r>,j (w m ) eij (w l ) dy = 27r/x ( 1 + ^ d~ lm . 



K 



2. lim 



/?^+ooln R J D / X 



|Vw| dy = 2tt, 



(l.fl) 

Proof. The proof is trivial. □ ■ 

Using the solutions of these plane problems, we now build the functions w™ k , for every 
k = (ki, k 2 ) as 
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/ a f x i ~ he x 2 - k 2 e\ \ 



w F k (xi,x 2 ) = 



In r. 



Wn 



wl k (x 1 ,x 2 ) 



-1 



In r F 



\ 



w 



' X\ — k\E x 2 — k 2 e~ 
r F r F 






xi — k±e x 2 — k 2 e 



a = 1, 2. These functions w™ k satisfy the following properties. 



\ 



/ 



Lemma 4 There exist two positive constants Co and C\, independant of e, such that: 
. 2 ^ n In 2 (R k ) + 1 



I. \e m -w 



rnk I 



In 2 (r £ ) 



-, in B k £ , 



2. 



dw 



rnk 



dxi 



< 



Ci 



-, in B k % — 1,2, 3, 
M 2 ln 2 (r £ ) ; £ ' 



where e m is the m-th vector of the canonical basis o/R 3 and 

(R k £ ) 2 = (an - fc l£ ) 2 + (x 2 - A; 2 e) 2 
Proof. Immediate, thanks to the expression of w™ 1 *. □ l 
Lemma 5 If ^ := lim £ _>. (— 1/ (e 2 lnr e )) is finite, then: 
1. For every m and I, one has 

27T7// (1 + k) 

lim J Oij (w™ 1 *) eij (w lk ) dx 



K 





27T7// \ Q\ 



£l\8i m m, 1 = 1,2 

1 = 3, m = 1,2 
m,l = 3. 



2. Let ip be any element of C 1 (fi) . Then 



( 27T7/i(l + k) 



lim / o-jj (u>™ fe ) e i: j ) y?<ia; = < 





27T7/X / cpdx 
in 



<5 im / cpdx m,l = l,2 
Jn 

I = 3 ; m = 1,2 
m,l = 3. 
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3. Let ip k be the truncation function defined by 

< -4 



and z™ the function defined by 
z™ (x) 

Then (z, 



3(s £ 
1 





((R k ) 2 - (s £ f) if^<R k <s £ 
ifR k >s £ 



(12) 



<p k E (x) (e m - w™ k ) (x) Va; G B k e , VA; 
Vr G tt\B~ £ . 



(13) 



e->0 



e >\t ~ e m> { Z T) £ converges to in the weak topology of H 1 (Q, R 3 ) and 

27T7/X (1 + ft) 



lim / an (z?) en (z l e ) dx 



K 



n 



\£l\6i m ifm, 1 = 1,2 

if 1 = 3, m = 1,2 

27T7/i \Q\ if m,l = 3. 



Proof. 1. Using Hooke's law, the above expression of w™ and the estimates given in 
Lemma IU one has, for m, I = 1, 3 



lim J Oij (w™ k ) e i:j (w lk ) dx 



\n\ 



r 2 ln 2 



r £ JD(l,s e /r e ) 



(w m ) eg (w l ) dy x dy 2 + o £ 



where: y\ = {x\ — k\E)jr £ , y 2 = [x 2 — kE)jr £ , and e^- respectively denote the 
stress and the deformation tensors in the plane, with the Lame coefficients A and fi 
and lim £ _;.o £ = 0. One deduces from Lemma [31 through the definition of s £ that 



lim- 



-1 



'^o\nr £ J D{1)Se/re) 13 



I m\ ( l\ j j 27r/4(l + K) 

era (w ) Cij [w ) dy x dy 2 = m i, 



K 



the other cases being treated in a similar way. We conclude, using the definition of 7. 
2. The smoothness of ip implies that for every (x\,x 2 , X3) in C k we have : ip (x\,x 2 , X3) 
ip (k\E, k 2 e, X3) + O (R k ), which implies 



(w™ k ) e^ (w lk ) tpdx 



e^ (w l ) dy x dy 2 ( ^ £ * f ( k i £ > k i £ > x s) dx 3 



e 2 \n 2 r £ \j D (i, Se /r e ) 
But the smoothness of (p also implies 

lim y e 2 j <p (kiE, k 2 e, X3) dx3 = / ipdx, 
8 



from which we conclude, using the first assertion. 

3. We observe that ip k = in Q \ B £ and w™ k = in T e . Then we compute 

/ *ij ( Z T) e H (4) dx = a *3 ( W ™ k ) ^ ( W s k ) &e) 2 dx 

Jn i Jci 



- 2 E/ r , ^ «*) §r ( e < - dx 

k Jc*n{s E /2<Rk<s E } ° x i 

fc ^c E fc n{%/2<i?fe<s e } OT j 

Thanks to Lemma H] and to the definition of (p*, one can prove that the two last sums 
are respectively bounded by : C|lns e |/ (e 2 ln 2 r e ) and Cln 2 s £ / (e 2 ln 2 r £ ). These two 
upper bounds converge to 0, because 7 is finite and thanks to the choice of s e . Moreover, 
the first term of the preceding equality can be computed as 

Oij (w™ k ) dj (w l e k ) {pf) 2 dx = / ay (w™ k ) eij (w lk ) dx 
c>i J el 

+ [ r on (< k ) % H k ) fe) 2 - l) dx 

Jc*=n{s E /2<fi E fe <s £ } v 7 

and using the definition (1T21) of tp k we get 

/ <r - «*) e« M*) ({ V k ) 2 -l)dx 

JCln{s E /2<R 1 l<s E } 



< j Oij (w™ k ) eij (w lk ) dx. 

Thanks to the estimates of Lemma HJ we deduce 

lim W a tJ ey (10? ) dx = 0, 

A ^C|n{ Se /2<^< Se } 

which implies 

lim y (Tij (z™) eij (4) cfe = lim J (w™ k ) (w lk ) dx. 

One concludes using the first assertion. Because (z™), ri = 0, there exists some positive 
constant C such that 



|V<™| 2 dx<C I o l3 (z e m ) ey (z £ m ) dx. 



Hence (z™) £ is bounded in if 1 (fi, R 3 ), which implies that a subsequence still denoted 
converges to some z* in the weak topology of H 1 (O, R 3 ) and in the strong topology 
of L 2 (J!, R 3 ). We observe that z™ = in Q\B £ and because the sequence of characteristic 
functions of Q\B £ converges to 1 in the strong topology of L 2 (Q), we infer that z* = 0. 
Hence (z™) converges to in the weak topology of H l (Q, R 3 ). □ ■ 
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3 Convergence 

We define the topology r which will be used throughout this paragraph as 

w-h 1 (n,n 3 ) 



Ue U 



(u,v) 



and : \/(p G C$ (R 3 ) : / R £ (u £ ) (pdx ->■ / Vipdx, 

Jn ' Jn 



where w-H 1 (Q, R 3 ) stands for the weak topology of H 1 (Q, R 3 ) and R £ is the rescaled 
restriction operator defined in (|SJ). 
Our main result reads as follows 

Theorem 6 Suppose that 7 = lim £ ^o ( — V (£ 2 hir e )) is finite, A c and \i Q are finite and 
fi Q is positive. Then, the sequence (F s ) £ epi-converges in the topology r to the functional 
F° defined on H 1 (fl, R 3 ) x L l (fi, R 3 ) by: 



a ij (u) eij (u) dx + 2^7/ (v — u) A (v — u) dx + tcE / (e 33 (v)) dx, 
po / \ _ ) jn Jn Jn 

b lM ' V) ~ ) if (it, v) G H\ (Q, R 3 ) x V 

-00 otherwise, 

(14) 

using the summation convention with respect to repeated indices and where A is the diag- 
onal matrix with : A u = \i (1 + k) / k = A 2 2 and A 33 = n, where k = (A + 3/x) / (A + /i) ; 
E D = \i Q (3A Q + 2/i c ) / (A + fi Q ) and V denotes the subspace 

V={veL 2 (Q, R 3 ) I U3| ri = 0, e 33 (v) G L 2 (Q) } . 

As a consequence of this theorem and of the properties of the epi-convergence (see p] 
for a definition and the main properties of this notion of convergence well-fitted to the 
description of the asymptotic behaviour of the solution of minimization problems), one 
gets the following asymptotic behaviour, when e goes to 0, of the solution u e of (jSJ) 

Corollary 7 Under the hypotheses of Theorem® the solution u £ of (GJ) converges, in the 
topology t, to the solution (u°, v°) in the space (ft, R 3 ) x V of the following problem 



(v° - U°) J 


= fi 


in ft, i — 1, 2, 3 


u° 


= 


on Ti 


aij (u°) rij 


= 


on du x ]0,L[U T 2 






i,j = 1,2,3 


- (ess K)) 


= 2 7y u (v° - u°) 3 


in ft 


3 

V° 


= 


on r% 


(«°)« 


= K)« 


in fl, a = 1, 2 


e 33 (v°) 


= 


on r 2 . 
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(u°,v°) is the unique solution of the minimization problem 

F° (u, v )~ 2 J f- udx | u G hI l (Q, R 3 ) , v G V j 



mm 



Moreover, the convergence of the linked energies : lim e ^o F e (u £ ) = F° (u°, v°) holds true. 

Remark 8 In the expression of the limit functional F°, the term ttE j n (e 33 (v )) 2 dx can 
be interpreted as the "pure influence" of the fibers, due to their longitudinal repartition, 
on the asymptotic behaviour. The term 27cy j Q (v — uf A(v — u) dx can be interpreted as 
the mixed influence of the fibers and of the elastic material (for example, shearing effect 
of the fibers on the material, for the term 2n^n J n (v 3 — u 3 ) 2 dx). 

of Theorem [61 This proof will be decomposed in two main parts, corresponding to the 
verification of the two assertions of the epi-convergence. As a first step, let us verify : For 
every u in (Q, R 3 ) and for every v in V , there exists a sequence (u°) e of elements of 
i?P (p., R 3 ) converging to (u,v) in the topology r and such that : lim sup^o F £ (u°) < 
F°\u,v). 

Let us first choose any element u of C 1 (Tt, R 3 ) R (Q, R 3 ) and any element v of 
C 2 (fl, R 3 ) fl V. For every k = (ki, k 2 ), we define the function lZ e (v) in B* by its three 
components as follows: 

(TZ £ (v)) a (x 1 ,x 2 ,x 3 ) = v a (k 1 e,k 2 e,x 3 ) 



'x a - k a e) (kiE, k 2 e } x 3 ) 



2(/i- + A £ ) v a a ' dx 3 

(TZ £ (v)) 3 (x 1 ,x 2 ,x 3 ) = v 3 (k 1 e,k 2 e,x 3 )-(x 1 -kie)^—(k 1 e,k 2 e,x 3 ) 

ox 3 

dx 3 
■ 

Let us choose some smooth function ip £ identically equal to 1 (resp. to 0) in Q \ S 2e 
(resp. in E e ), with : S £ = {x G Q \ d (x, Ti) < e}. We define: 

u° = {l-^ E )u + ^ e {{e m -z™)u m + z?{n £ {v))J 

= u-^(u m -(TZ £ (v))J, 1 ° J 

where u m and (1Z £ (v)) m are the m-th components of u and 1Z £ (v) in the canonical basis 
(e m ) m=1 2 3 of R 3 and z™ is defined in (|T3|) . One has the following estimates. 

Lemma 9 1. There exists some positive constant C independant of e such that 

\u°\(x) < C VxGH 

\VK £ {v)\{x) < C VxeB £ 

\K £ {v)-v\(x) < Cr e VxGT £ 

\K £ (v)-v\(x) < Cs £ Vx E B £ . 
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2. u° £ belongs to H£ (fi,R 3 ), (u°) e converges to (u,v) in the above defined topology r. 

Proof. 1. Because v belongs to L°°(£7,R 3 ), together with its first order derivatives, 
we get, in every B £ : |7^ E (u)| < C and |V72. e (u)| < C, where C and C are positive 
constants. Using Lemma HI we get : \u°\ < C, in Q. One has, for every k = (h, h) 



\(JZ £ (v) - v) a \ lTk < \v a (he,k 2 e,x 3 ) -v a (x 1 ,x 2 ,x 3 )\ 

X £ . , dv 3 



< Cr F 



2 (^ + X £ 



a ,x >ol 



dx 3 



(he, k 2 e,x 3 ) 



because v belongs to C 1 (O, R 3 ) and using the hypotheses on A e and //. Similarly, we 
have : \(1Z £ (v) — v) 3 \, Tk < Cr £ , and : \7Z e (v) — v\^ Bk < Cs e , for every k. 

2. Observe that u° belongs to (Q, R 3 ) because u vanishes on Yi and ip £ also 
vanishes on T\. Furthermore, there exists some constant C m such that one has in B £ 



z™) + z™V (K E (v)) m + ((7Z £ (v)) n 

< C m (\Vu m \ + E |VZ £ m | + |V2 £ m | \Vm - U m \) , 



\Vu°\ < \Vu m (e m 



for some constant C m , thanks to the preceding estimates. We then compute 



/ \Vu°\ 2 dx = [ _\Vu° £ \ 2 dx + [ \Vu° £ \ 2 dx 



Thanks to ffTTj) and to Lemma [5] one has 



\Vu°fdx < CL 



B e 



Be 



\Vu m \ 2 dx + e I \Vz £ n \ 2 dx + / \v m — u m \ 2 | Vz™) 2 dx 



(17) 



< c, 

where C is some positive constant independant of e. Furthermore, because zl 71 outside B £ 



n\B E 



\Vu°\ 2 dx -»■ / \Vu\ z dx. 



This proves that (u°) s converges to u in the weak topology of H 1 (f2,R 3 ). Let (p be 
any element of Cq (R 3 , R 3 ). We have, because : (z™)* T = e m 



I 

Jn 



ipR £ (u°) dx 



\n\ 



e\ JT £ 



(pu°dx 
iplZ £ (v) dx 



e JT. 



|0| \T £ k nuj\ 

|T £ |e 2 



y^£ 2 ¥ (he, he, x 3 ) v (he, k 2 e, x 3 ) dx 3 + o £ 

u J0 
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<p and v being continuously differentiable and T*nw being independant of k. We have, 
thanks to the smoothness of tp and v 

limN e 2 I (p (k\e, A; 2 £, x 3 ) v (ki£, k 2 £, X3) dx$ = / tpvdx 
£ ^k Jo ~ Jn 

and we observe that : lim £ ^ (|^| \T £ PI con / (\T e \ e 2 ) = 1. This proves that the sequence 
(u°) e converges to (u, v) in the above defined topology r. □ ■ 

For every u in C 1 (Q, R 3 ) fl (f2, R 3 ) and every v in C 1 (fl, R 3 ) , we compute 



F e (u°) = / <7ij (u) eij (u) dx+ aij (u°) e y (u°) dx 

Jn\c e vjT £ Jc e 

+ / at^TZe (v)) eij (n £ (v))dx. 



(19) 



Because the characteristic function of fl\C £ U T £ converges to 1 in the strong topology 
of L 2 (Q), the first integral of (fl9|) immediately leads to 

lim / a { j (u) (u) dx = (u) (u) dx. (20) 

Jn\c?uT £ Jn 

Let us study the second integral of (fT9|) . One has, using the definition (fl6l) of the 
test-function u° 



(u°) (u°) dx 

a {j (u) e^ (u) dx + 2 (u) e„ {z™ ((K £ (v)) m - u m )) dx (21) 

+ f a l3 (z™ ((TZ £ (v)) m - u m )) ea (z{ ((K £ («)), - «,)) dx. 

JC e 

The second integral of the right hand side of (121]) converges to 0, because (z™) £ con- 
verges to in the weak topology of (Q, R 3 ) and thanks to the estimates of Lemma [HI 
The third integral of this right hand side of (12T|) can be computed as 



a; 



{z™ (v m - u m )) eij (4 (vi - ui)) dx 



+2 / a l3 (z? ((Tl e (v)) m - um)) e l3 (z l £ (v t - Ul )) dx (22) 
+ / a l3 {z™ ((K £ (v)) m - v m )) (z l £ ((K £ (v)\ - Vl )) dx. 



Thanks to Lemmas [5] and [9j the two last integrals of (|22|) converge to and the first 
integral of (12"21) is equal to 



[z™) e^ (4) {v m ~ u m ) {vi - ui) dx + o £ 
13 



with \im £ ^ o £ = 0, because (z™) s converges to in the weak topology of (Q,H 3 ). 
One deduces from Lemma [5] and the smoothness of u and v that 

lim / a i:j (z™) eij (z[) (v m - u m ) (v t - u t ) dx = 2^ j (v - uf A(v-u) dx. (23) 



In order to study the third integral of (fl~9j) . one observes that the above expression of 
1Z £ (v) implies 



fx £ dv 3 d 2 v a 
Tr (e (R £ (v))) = — - ^ E — (he, k 2 e, x 3 ) - (x a - k a e) {k x e, k 2 e, x 3 ) 

d 2 v 

u\ x (TZ £ (v)) = —X £ (x a - k a e) (he, k 2 e, x 3 ) 

d 2 v 

a £ 22 (7l £ (v)) = -X £ (x a - k a e) — (kie, k 2 e,x 3 ) 

ox 3 

a\ 2 (TZ £ (v)) = 

/ \ \ 2/i e + 3A e dv 3 „ , 

9 2 v. 



(2/i £ + A e ) (x a - A; a e) -^-j- (he, k 2 e, x 3 ) 



dx\ 

d 2 v n 



°"a3 (^b («)) = -/" e (x a - k a e) (foe, k 2 e, x 3 ) . 

One easily proves that all the terms of the third integral of f fT9|) converge to except 
the following one 

°33 ( n e (v))e 33 (TZ £ (v))dx 

nfi £ (r £ f 2fi £ + 3A £ ^ 2 f L (dv 3 



e 2 /i £ + A £ , 

k 

nE / (e 33 (v)'fdx, 



with the above definition of i£ . Thus, we get, for this third integral of ffl9|) 



lim / fj £ j (TZ £ (v)) (TZ £ (v)) dx = ttE / (e 33 (v)) 2 dx. 



(24) 



From (EU]), ([23]) and (El]), we thus derive : lim e ^ F £ (u° £ ) = F° (u, v) . 

We conclude the verification of this first assertion, using a density argument and 
the diagonalization argument contained in [TJ Corollary 1.18]. Indeed, for every u in 

(Q, R 3 ) , there exists a sequence (u n , v n ) n in (C 1 (U, R 3 ) n (Q, R 3 )) x (C 2 (U, R 3 ) n V) 
converging to (u, v) in the strong topology of the space H l (Q, R 3 ) x V. Thanks to Lemma 
EH ((^ n )e) converges to (u n ,v n ) in the topology r and 



n ->~oc s— >0 vv £ ' n— >+oo 



lim limF £ ((u n )° £ ) = lim F° (u n , v n ) = F° (u, v) . 
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The space H 1 (Q, R 3 ) x L 1 (Q, R 3 ) is metrizable for the topology r. One deduces from 
[TJ Corollary 1.18], the existence of a subsequence (( w ) £ ) e converging to u in the weak 
topology of (f2,R 3 ), such that (?; n ' £ ')) converges to t> in the weak* topology of 
L 1 (SI, R 3 ) and : lim sup e ^ F e ((u"^) £ ) < F° (u,v). This ends the verification of the 
first assertion. 

Let us now prove the second assertion of the epi-convergence, that is : For every 
sequence (u £ ) £ of elements of (f2,R 3 ) ; converging to (u,v) in the topology r, then v 
belongs to V, satisfies : v = 0, on T 1 , and : liminf^o F £ {u £ ) > F°(u,v). 

Let {u n ) n be any sequence of smooth functions in C 1 (fl, R 3 ) fl (Q, R 3 ) converging 
to u in the strong topology of H 1 (Q, R 3 ) and (v n ) n be any sequence of smooth functions 
in C 2 (fl, R 3 ) fl V converging to v in the strong topology of V. Let us suppose that 
sup e F e (u £ ) < +00, otherwise the assertion is trivially satisfied. Under these hypotheses, 
one proves 

Lemma 10 (u £ ) e is bounded in (Q, R 3 ) and the sequence (R £ (u £ )) £ converges in the 
weak* topology of L 1 (f2,R 3 ) to some v belonging to V. 

Proof. We use some argument similar to (2J Lemme Al], defining: 

$ e = e 33 Oe) , $ £ = j^Ur^x, $ = ludx. 

I* el 

5 £ and 5 are two bounded Radon measures such that (S £ ) £ converges weakly to 5 in 
the sense of measures. We then compute 




because (X e \T £ \) £ and (// |T e |) e have finite limits. Hence, the sequence (Q £ 5 £ ) £ of measures 
has uniformly bounded variations. One can extract some subsequence, still denoted by 
($ e <5 £ ) £ , which converges to some measure For every ip in C° (R 3 ), we write Fenchel's 
inequality 

/ \<5>e\ 2 Se>2[ $eV5 E - [ Cf?6 e , 
JR3 </r3 JR.* 

which implies 

liminf f |$ £ | 2 5 £ >2($,y9>- / <p 2 5, 

JR3 JUS 

where (., .) means the duality product between measures and functions, from which we 
deduce that : sup < | G C° (R 3 ) , 1 1 1 1 zl 2 rs^) — 1 f < +°°- Riesz's representation 
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theorem implies the existence of some x i* 1 L$ (Q) such that for every ip in C° (R 3 ) 
(<3>, <p) = J R3 x<fb = J n x^fdx. For every <p in Cq (ft), one has 



lim i£t / e 33 (u e ) y^cfe = / xv^x 



->■ - / T^—v 3 dx = / y?e 33 (t>) dx. 



We thus get : J n (xv ~ V 9e 33 I 17 )) ^ = 0, which implies that e 33 (w) (= x) belongs to 

In order to prove that t> j belongs to L 2 (Q), for i = 1,2, 3, we repeat the above argument 
with <3> £j j = (u e ) i instead of $ e = e 33 (u e ) and we use the estimates of Lemma [T] 3. 

In order to prove that v 3 is equal to on r 1; let us take any function <p in C 1 (Tt) 
taking the form: <p (x) = 9 (xi, x%) ip (x 3 ), with ip (0) = 1, ip (L) = 0, 9 in C°° (co). We 
first compute 



dv 3 
n ox 3 



n <9x 3 £ ^o|T £ |J Te V -(^p(u £ ) 3 )(x 1 ,x 2 ,0) 

^-v 3 dx, 

thanks to the boundary conditions verified by tp and u e . Moreover, using Green's formula, 
we get 

dv 3 [dip 



ipdx = - - — v 3 dx + 9 (xi, x 2 ) v 3 (xi, x 2 , 0) dx\dx 2 , 
ndx 3 J n dx 3 

which implies 

9 (xi,x 2 ) v 3 (x\, x 2 , 0) dx\dx 2 = =>• v 3 (x\,x 2 , 0) = 0. 



Thus v belongs to V. Dm 

In order to prove this second assertion, we write the sub differential inequality for the 
first term of F e (u £ ) 

crij (u £ ) eij (u e ) dx> dij ((u n )°) etj ((u n )° £ ) dx 



n\c e uT £ Jn\c E uT t 



+2 / <7y (u n ) e i:j (u E - (u n )°) dx, 

Jn\c E uT e 

where (u n )° is associated to u n through (Tl6|) . The sequence ({u n )°) £ converges to u n in the 
weak topology of H 1 (f2,R 3 ), thanks to Lemma H2 and coincides with u n in Vt\C £ U T £ . 
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Thus, (eij (u £ — (u n )°)) £ converges to (u — u n ) in the weak topology of L 2 (Q), for 
i, j = 1, 2, 3. The sequence of characteristic functions of Q\C £ U T £ converges to 1 in the 
strong topology of L 2 (il). This implies the following convergence 



liminf / Oij (u £ ) (u £ ) dx > (u n ) («") dx 

Jq\c £ ut s Jn 

+2 / <7ij (u 11 ) (u — u 11 ) dx. 
Jn 



Letting n increase to +oo we get, using the convergence of (u n ) n to u in the strong 
topology of H l (Q, R 3 ) 

liminf / (u £ ) e^ (u £ ) dx > / (u) e^ (u) dx. (25) 

Jn\c e uT £ Jn 

We then write the subdifferential inequality for the second term of F £ (u £ ) 

/ <Tij (u £ ) etj (u £ ) dx> Oij ((u n )°) e { j ((u n )° e ) dx 

+2/ an ((u n )° £ ) ea (u £ - (v%)° £ ) dx, 



with 



2 I an {{u n )° s ) e^ (u £ - (u n )° £ ) dx = 2 I aij (u n ) &lj (u £ - (u n )° £ ) dx 

JCe JCe 

+2 f a i3 (z? {{K £ (v»)) m - («»)J) e i3 (u £ - (u n )° £ ) dx. 

JCe 

We immediately get : lim^o f c (u n ) e^ (u £ — (u n )°) dx = 0, because the sequence 
(e^ (u £ — (u n )°)) converges to (u — u n ) in the weak topology of L 2 (Q), for i,j = 1, 2, 3 
and the sequence of characteristic functions of C £ converges to in the strong topology 
of L 2 (Vi). The second term of the last equality can be computed as 



a i3 (z™ ((K £ (v n )) m - (u n )J) e l3 (u £ - (u%) dx 
= J Oij (z™) ((Tl £ (v n )) m - (u n )J e^ (u £ - (u%) dx 

+ / a l3St (z T)s d J^q^u etj {U£ _ {u%) dx , 

writing : = a^ st e st . We observe that 

lim I a l3St (z?) s ^^(^-WJ ^ (Ue _ {u n ):) dx = Q? 
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because (z™) e converges to in the strong topology of L 2 (Q, R 3 ), | V {1Z £ (v n ) — u n ) \ < C n , 
in C e , and (e^ {u £ — (u n )°)) E converges to {u — u n ) in the weak topology of L 2 for 
i, j = 1, 2, 3. Then, we compute, using the definition of z r E 



ylll 



a l3 (z™) ((TZ £ (v n )) m - (u n )J e l3 (u £ - (u n )° £ ) dx 



E [ *j (< k ) % («« - (u n )° £ ) ((K e (v n )) m - (u n )J v k £ dx 



E I *V« ((K £ {v n )) m - (u n )J (e m - wf k ) g M eij K - («»)•) dx. 
t. J c, t 



k " 



But, for every fc, one has, thanks to the definition (JT2"]) of ^ and using Lemmas H] and 
IH] assertion i. 

((K. (v")) m ~ (""),„) (e m - <*), ||e„ (u c - („»)») <fa 

^7t/», . . « IV («.-(«*).•)! 

£ l lnr el JC*n{s e /2<R>l<Se} 



< 



This implies, because {u £ ) e and ((w n )°) e are bounded in H 1 (O, R 3 ) 

E / ^ ((^ ("")).» - Mm) ( e - - §^ K - (« n )D ^ 

C n |lns e 



lim sup 



< lim sup - 

£ ^o e\liar £ 



\V {u £ - {u n )°X dx 



because 7 is finite and using the properties of s £ . Similarly, we estimate, using Lemma H] 

E / K mfc ) e ^ - ((^ (*")).» - 

u Jet 



Cn\/Se 



^|v( W£ -K) £ )| 2 dxV 2 



-> 0, 



|ln(r e j| \J n ' ' ' / 
because 7 is finite. We then have to compute the limit of the remaining term 

E / (<*) K - («")«) (Mm - Mm) 

= -e/ ^w^-to^l-mj^ 

- E / a ^ K ) K - fa ) e )i o- dx 

fc JC* OX j 

+ E / (< fe ) n > («• - fa n )°)* (fa n )™ - fa n u 
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Using the estimates of Lemma HJ we prove that the second term above converges to 
0. Using the properties of w™ k , the first term above is equal to 0. Then, the properties of 
w™ k and the convergence of (u £ — iu n )° e ) to u — u n in the weak topology of H 1 (Q, R 3 ) 
imply 

lim [ "a (<*) {u £ - (« n ) £ °) ((v n ) m - («»)J rfdz 

= 2tt7 f (v n - u n Y A(u- u n ) dx. 

We let n increase to +00 and get 



lim inf / <Tij (< k ) eij K - (K)m ~ W)J (gdx > 0, 



(26) 



which implies, using the computations of the first assertion 

lim inf / o^- (u e ) (u e ) dx > 2tcj (v — uf A(v — u) dx. 
Jc s Jn 

We finally observe that for the third term of F e (u £ ), one has 

/ °ij ( U e) e ij K) dx > /i e 2p \ % \z f (e 33 {u e ) f dx. 

Jt £ /i £ + A J Te 

Indeed, one can easily verify that for every x, y, z in R, one has 

X £ (x + y + zf + 2// (x 2 + y 2 + z 2 ) > // 2// + ^V . 

We then use the computations given in Lemma [10], which imply, because \x Q and A c 
are finite 

lim inf / of- (u e ) (u E ) dx > ttE (e 33 (v)) 2 dx. (27) 
Jt e Jn 

One deduces from (|25l)-(|27D 

lim inf F £ (u £ ) > / Oy (u) (u) dx + I (v — uf A(v — u) dx 
Jn Jn 

+ttE / (e 33 (v)) 2 dx, 
Jn 

which concludes the proof. □ 



3.1 Other situations 

The other situations given by different values of the parameters 7 or A G or \i Q are summa- 
rized in the 
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Proposition 11 1. If \ Q and \x Q are equal to 0, then {u £ ) £ converges in the topology 
t to the solution (u°, v°) of the minimization problem associated to the functional 
F° defined in a similar way than (14\ ), but with X a = \x Q = 0. 

2. If ^ is equal to +oo ; one obtains u OQC = v°°° in Q and F ooc only depends on u 

F°°° (u) = [ (u) e {j (u) dx + nE a [ (e 33 (u)) 2 dx. 
Jn Jn 

Proof. 1. This case corresponds to a situation where the Lame coefficients A £ and // of 
the reinforcing material are smaller than the critical ones given in ( ITUl) . that is given by 

A c — ~, — 721 A* 



for every positive and small c, but preserving the critical radius r £ of the fibers given 
through 7. Let F £ be the functional defined in (J3J) but with these critical Lame coefficients. 
Thanks to the property of the epi-convergence, we get, for every (u, v) in (Q, R 3 ) x V 

F° 0, v ) < F° (u, v) = a i:j (u) eij (u) dx + ircE / (e 33 (v)) 2 dx 

Jn Jn 

+27T7 (v — uf A(v — u) dx. 
Jn 

This inequality being true for every positive c, we get, letting c go to 

F° (w, v) < a^j (u) Cij (u) dx + 27r7 (v — uf A(v — u) dx. 



In order to establish the reverse inequality, we observe that, for every sequence (u £ ) £ 
converging to (u, v ) in the above-defined topology r, one has 

F e (u E ) > / _<Jij (u £ ) e^ (u £ ) dx+ a^ (u £ ) e^ (u £ ) dx, 
Jn\B E Jc £ 

thus omitting the integral involving the fibers T £ . We then adapt the proof of the second 
assertion in the Theorem [6] in order to conclude 

2. We again observe that this situation corresponds to a case where the Lame coefficients 
of the reinforcing material are still given by fllOp but where the radius of the fibers is larger 
than the critical one, that is r £ > exp (— 1/Ce 2 ), for every positive C. The functional F e 
is thus larger than the functional F given by (j3J), but with the radius exp (— 1/Ce 2 ). 
The comparison principle implies that for every (u, v) in (fl, R 3 ) x V 

F oco (u, v) > F oC (u, v)= aij (u) ey (u) dx + ttE / (e 33 (v)) 2 dx 

Jn Jn 

+2ti^C (v — uf A(v — u) dx. 



n 
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Letting C increase to +00, we observe that F°°° (u, v) is finite if and only if the integral 
J n (v — u) A(v — u) dx = 0, which implies : u = v, in Q. The reverse inequality is still 
obtained adapting the proof of Theorem [6] (first part) but with v = u. Dm 

Let us now examine the special case when A D = \x a = +00. As a special subcase, [6] 
have considered the case when 7 = +00 and 



A £ (r £ ) 4 ^ if (r £ ) 4 



£->0 



(2? 



with positive and finite Ai and n x . We now adapt their result considering 



Proposition 12 Suppose that the above hypothesis holds true and 7 belongs to 

]0, +00]. Then, the sequence {u e ) £ converges in the topology r, to the solution (it 1 ,!; 1 ) 
of 



mm 

Hj (Sl,R 3 )xV 



V 



CTy (it) ejj (ll) + 27T7 / (v — it) A (v — It) G?X 



\ 



<9 2 1>1 
(9a; 3 



+ 



<9 2 l>2 



dx 



with Ei = \i x (3Ai + 2/i-J / (Ai + /i x ) and 

7' = {v a G L 2 (w, /d 2 (0, L)) \v\ Tl = 0, u 3 = 0} . 

Proof. We proceed in a similar way to [6J. Indeed, we first follow their method in order 
to prove the following estimates 

r— I \u £ \ dx < C, -— I \u £ \ 2 dx< C 2 / |ey (w £ ) I 2 dx < (7, 
Mel</T e \ 1 e\JT E (r e ) |T e |dr e 

where C is independant of e. For every smooth v in C 2 (fi, R 3 ) fl V, we set 



(7^ e i (v)^ (xi, x 2 , x 3 ) = vi (he, k 2 e, x 3 ) 



A £ 

2(/i £ + A £ 
A £ 



(xi — kisY — (x 2 — k 2 e) 2 d 2 V\ 



(xi - fcie) (x 2 - fc 2 £) <9 2 f 2 



<9x?. 



(he,k 2 e,x 3 ) 



<9x 2 



(fcie, £; 2 £, ^3) 



2 (/i £ + A £ ) 2 
(K £l (v)) 2 (xi, x 2 , x 3 ) = v 2 (he, k 2 e, x 3 ) 

A£ i^^ ^ (fce, fc 2 S, x 3 ) 



2 (/i £ + A £ 



A £ (xi — fcie) (x 2 — k 2 e) d v\ 



2 (/i e + A £ ) 

(K £ l (v)) 3 (xi,X 2 ,X 3 ) 

dv 2 



(xi - he] 



dx 3 



dx\ 



dx\ 
(he, k 2 e,x 3 ) 



(he, k 2 e,x 3 ) 



- (x 2 - k 2 e) —— (he, k 2 e, x 3 ) 
0x3 
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The verification of the first assertion of the epi-convergence is obtained computing 
the energy of the test-function associated to this 1Z £ i (v). The verification of the second 
assertion follows the same lines as in Theorem [6j □ ■ 

Remark 13 The extra term occuring in the energy functional described in Proposition 
[TB corresponds to the flexion of the fibers. 

Remark 14 In the case 7 = 0, one can still prove that y J T \(u E ) 3 \ dxj |T e |^ is bounded, 

writing : u E (s) = J Q S d (u E ) 3 /dx 3 dt and using some trivial arguments. Thus Lemma UU 
still implies the existence of e 33 (v) in L 2 (Q), with v 3 = onT\. We conjecture that the 
limit functional is 

F°° (u,v) = <Tij (u) e i:j (u) dx + ttE (e 33 (v)) 2 dx. 
Jn Jn 

4 Further extensions 

4.1 The case of a almost non-periodic distribution of fibers 

Let u be some open subset of R 2 and 9 be a C 1 -diffeomorphism from uj to u. We define 
the following almost non-periodic distribution of non-homogeneous fibers as follows. The 
fibers are defined as 



T £ fc = {(x 1 ,x 2 ,x 3 ) I (xi - 9x (he, k 2 e)f + (x 2 - 2 (he, k 2 e)f < (r £ f , x 3 £ )0,L[} . 

Replacing (he, k 2 e) by 9 (he, k 2 e) in the local test-functions and adapting the proof 
of Theorem [6j one can prove 

Theorem 15 Suppose that 7 is positive and finite and the nonhomogeneous material 
filling in the fibers satisfies the usual conditions of symmetry, uniform ellipticity and 
continuity and 



sup 

Z36[0,Z,],£>0 



r 2 n 



a ijki (^3) 



< +00, 



<Am (2*) a° m (x 3 ) , a.e. in SI. 



e A e->o J 



Then, the sequence (F £ ) £ epi-converges in the topology r to the functional F° defined on 
H l (VI, R 3 ) x L 1 (O, R 3 ) by: 



F°(u,v) = < 



(jy (u) Cij (u) dx + 27T7 (v — u) A (v — u) I V6> 1 1 (xi,x 2 ) dx 

Jn 

+7T / E° (x 3 )e 33 (v) e 33 (v) |V6» _1 | (x 1 ,x 2 )dx, 



, +00 



if (u, v) £ (Q, R 3 ) x V 
otherwise, 



where E° (x 3 ) is Young's modulus associated to a° jkl (x 3 ). 
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4.2 The case of tranverse fibers 

Let us assume in this paragraph that u is the disk centred at the origin and of radius 
R > of R 2 . Choose any R* in }0,R] and positive e and r £ such that : < 2r £ < e < 1. 
For every k in Z, we introduce the torus T e fc defined as 



rpk 

£ 



|(^i,^2,2:3) e R 3 1 (V - ^(xi) 2 + (z 2 ) 2 ) + (x 3 - fe) 2 < (r £ ) 2 j 



T £ denotes the union [^J \ j^n(ey^e °f the t° r i ^-periodically distributed along the 
surface : = {(:£i) 2 + (#2) 2 = (-R*) 2 , ^3 G ]0, L[} and contained in f2 = w x ]0, L[. We 
suppose that T £ fl Ti and T £ fl T2 are empty. The number n (e) of such tori contained in 
f2 is equivalent to L/e. 

We define the topology r* as 



W £ — ^ (U, V) <^> U £ — ^ M 



and : Vy? G C c ° (R 3 ) : / (iF* (u.) do- -> ! (vtp)^ da, 

where R £ * is defined by : R £ * (u) = |£r*| m1t £ / l^ll- We introduce the space 



v = (v r , v e , v X3 ) : [0, 2vr] x ]0, L[ —> R 3 | v a G L 2 (]0, 2tt[ x ]0, L[) , 
' v a (0, .) = v a (2tt, .) , « = r, 0, x 3 , + v r e L 2 (]0, 2tt[ x ]0, L[) . 



Figure 2: The cylinder and the tori T £ . 
Following similar arguments to the ones presented in the previous parts, we prove 
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Theorem 16 Suppose that 7* = lim^o ( — 1/ (elnr e )) is finite, A* and /x* are finite and 
/i* is positive, with: 

x * r A £ (r £ ) 2 , ^(r £ ) 2 
A„ = hm , \i = hm- 



£^0 £ 



£^0 £ 



Then, the sequence {F e ) £ epi-converges in the topology r* to the functional F°* defined on 
H 1 (O, R 3 ) x L 1 (fi, R 3 ) by: 



CTij [U) Cij [U 



F° (u,v) = < 



dx + irE*^ J f^l + Vj ^j (R*,6,x 3 )d6dx 3 

2nrR* / (v- u^A (v - U|Ek . ) 0, x 3 ) d0tte 3 , 
Jo Jo 



-00 



»/ (u, u) G (O, R 3 ) x 1/* 
otherwise, 



with A as in Theorem^ and El = jj* Q (3A* + 2/i*) / (A* + fj,*). 
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